The present study deals with the head-on collision process between capillary-gravity solitary waves in a finite channel. The present mathematical modeling is based on Nwogu's Boussinesq model. This model is suitable for both shallow and deep water waves. We have considered the surface tension effects. To examine the asymptotic behavior, we employed the Poincaré-Lighthill-Kuo method. The resulting series solutions are given up to third-order approximation. The physical features are discussed for wave speed, head-on collision profile, maximum run-up, distortion profile, the velocity at the bottom, and phase shift profile, etc. A comparison is also given as a particular case in our study. According to the results, it is noticed that the free parameter and the surface tension tend to decline the solitary-wave profile significantly. However, the maximum run-up amplitude was affected in great measure due to the surface tension and the free parameter.
Introduction
The Korteweg-de Vries (KdV) equation [1] is used to represent the asymptotic behavior of weakly nonlinear two-dimensional unidirectional solitary waves in shallow water. Gardner et al. [2] have shown the exact solution for the solitary waves with the help of the inverse scattering transform (IST) scheme. One noticed that when the solitary waves come closer, they collide, interchange their position and energies, and obtain their real shapes after the separation process. During the whole process of collision, the solitary waves have extraordinary stable properties. The unique effect in this entire process of collision is the phase shifts. It is also believed that the solitary waves with striking colliding properties can only be kept in a conservative system.
To investigate the head-on collision between solitary waves, one must use the asymptotic expansion to examine the original governing equations. Although the IST method is helpful to determine the collision process, the IST method is only beneficial if the solitary waves are traveling in the same direction (or overtaking collision [2, 3] ). Therefore, various authors examined the head-on collision process with asymptotic methods. For instance, Su and Mirie [4] determined the head-on collision between solitary waves using the Poincaré-Lighthill-Kuo (PLK) scheme. Afterward, Dai [5] examined a similar process in a two-layer fluid with surface tension effects with the upper and lower wall flat and rigid. Mirie and Su [6, 7] also considered the different forms of asymptotic expansion for the two-layer fluid model and explained a generalized and modified form of the KdV equations. Later, Zhu and Dai [8, 9] also determined the two-layer fluid model with different asymptotic expansion and surface tension effects and explained a generalized and modified form of KdV equations. Bhatti and Lu [10] investigated the head-on collision between solitary waves in the presence of a thin elastic plate floating on the surface of incompressible water. Later, Bhatti and Lu [11] considered the behavior of an electric current on the head-on collision between solitary waves in the presence of an elastic plate. Recently, Bhatti and Lu [12] discussed the head-on collision between hydroelastic solitary waves in a finite channel having an elastic plate floating on the surface of the fluid. They considered the two-layer fluid model and used the PLK method to obtain the perturbation solutions.
In the present study, we have used Nwogu's Boussinesq model [13] to determine the head-on collision between capillary-gravity solitary waves. The advantage of this model is that it can be used to examine in a broader range, so that it is suitable for shallow water waves and for deep water waves [14, 15] . Zhang et al. [16] presented a comparative study of various Boussinesq models. Chen et al. [17] examined the head-on collision between solitary waves for a uniformly constant depth (h ≡ 1). They also used the PLK method to admeasure the asymptotic solutions for the governing equations.
The final issue of the present study is to determine the head-on collision between capillary-gravity waves using a singular perturbation approach. Therefore, we have used the PLK scheme to explore the head-on collision process between water waves traveling in the opposite direction. This method gives the possibility to examine different physical features during the process of head-on collision, as compared with other analytical and numerical methods [18] [19] [20] [21] [22] [23] [24] [25] [26] . The mathematical outcomes in terms of series solutions are described by up to third-order approximations. A comparison with the previously published results is also given to validate the current findings. All the graphical results are plotted for the leading parameters and described in detail.
Mathematical modeling
Consider two solitary waves propagating in the transverse direction in a finite channel. The channel is filled with an inviscid and incompressible fluid with irrotational flow. A Cartesian coordinate (x, z d ) system is ideal for the physical modeling. The x-axis lies in the horizontal direction and the z d -axis is located in the vertical direction i.e. z d = 0 located at the undisturbed free surface whereas z d = -h(x) is located at the bottom of the channel. Nwogu's Boussinesq model describes this by [13] ∂ζ ∂t
where g is the gravitational acceleration, P a the atmospheric pressure, u represents the velocity vector at an arbitrary depth z d , and ρ is the density of the fluid. We assume a finite channel with one-dimensional flow having constant water depth h. Nwogu's Boussinesq model for capillary-gravity waves is as follows u = (u(x, t), 0, 0):
where
and d is the free parameter corresponding to the depth level.
Nwogu's Boussinesq model [13] proposed that if the velocity (z d = -0.531h) at the depth is considered, then the associated dispersion relation can be improved over that defined by the theory of classical potential flow. Therefore, Nwogu shows that the free parameter d is an essential parameter for the pivotal mathematical modeling and is beneficial to explain different problems. For example, when d = 0, the results for the classical Boussinesq equation can be obtained from Eqs. (3) and (4). Furthermore, when d = -1/2 or d = -1/3, we obtain two new mathematical models corresponding to the velocity field u which represents the bottom and depth-mean velocities, respectively. The depth-mean system is almost similar to a system at a water depth with d = -1/3. The present findings can be reduced to the previously published data [17] by taking T → 0, h ≡ 1.
Proposed methodology
In the subsequent section, we will employ the PLK method. Introducing the coordinate transformation in the wave frame as
where the dimensionless parameter ε (0 < ε 1) describes the order of the magnitude of the wave amplitude,ξ 0 andη 0 are the right-and left-going phase variables, k r and k l are the wave numbers of order unity representing the right-and left-going wave, C l and C r represent the wave speeds of left-and right-going solitary waves. The phase function transformation with a combination of wave frame coordinates reads
Here θ and ϕ represents the phase functions which will be determined during the perturbation solutions. The main reason of these functions is to make asymptotic approximations, which allows one to determine the phase changes during the collision process.
According to the theory of Ursell's relationship, we considered the scaling of horizontal wavelength ε 1/2 in Eq. (6) . The phase speed c(k) reads
By taking T = 0 in Eq. (8), the phase speed is similar to that obtained by Nwogu [13] . Introduce a column vector v defined as
The following series expansions can be described with the help of the PLK method:
wherec = c(k l ), a and b represent the amplitude factors, and the variables having subscripts will be determined during the perturbation analysis.
Analysis of the perturbation
Applying the asymptotic expansion Eqs. (11) to (15), we will get a set of partial differential equations with the coefficients ε 3 2 , ε 5 2 , ε 7 2 , . . . , which can be determined in the following form.
Coefficients of ε 3/2
The equations for v 1 take the following form:
To analyze the solutions at the first-order approximation, we used a matrix system in this order and the subsequent orders. Zhu and Dai [8] applied this procedure for the two-layer fluid model to determine the head-on collision process. The right and left characteristic vectors of n read
and, forñ, it reads
Introducing the left and right characteristic vectors in the above equations helps to examine the solutions in the subsequent orders. Left characteristics vectors are beneficial to solving the coupled equations at higher order, whereas right characteristic vectors will be helpful to considering the solutions at each order of approximations. The formulated equations are nonlinear and it is not possible to write the exact solutions. Therefore, the left and right characteristic vectors will be helpful to examine the solutions. Dai et al. [27] used a similar methodology to analyze the head-on collision through a compressible Mooney-Rivlin elastic rod. Dai [5] applied the aforementioned technique to admeasure the two-layer fluid problem with free surface. We found the solution of Eq. (16) as
where f (ξ ) and g(η) are the arbitrary functions, which will be examined in the upcoming order.
Coefficients of ε 5/2
The equations for v 2 take the following form:
where e j andẽ j (j = 1, . . . , 4) are given in Appendix 1. The solution of Eq. (21) in generalized form reads
where x 1 (ξ ,η) and y 1 (ξ ,η) are the functions to be examined. Applying Eq. (22) in Eq. (21), and multiplying it by l, we obtain
where lñr, le j and lẽ j (j = 1, . . . , 4) denotes the inner products, i.e. l ·ñ · r, l · e n and l ·ẽ n , respectively. Equation (23) can be further divided into three groups: secular terms, local terms, and non-local terms.
Secular terms
Secular terms are those terms, when we integrate with respect toη, that become unbounded in time/space, because these terms do not depend onη. Therefore, these terms will show a secular attitude. These terms in this order are found as
Let
then Eq. (24) takes the following form:
The solution of the third-order KdV is found as
Similarly
Non-local terms
In this group, we found two terms that do not describe the secular behavior but we can examine the phase-shift profile with the help of these terms.
The non-local terms at this order are
It follows that
Similarly, we have
(35)
Local terms
The local terms at this order take the following form:
After integrating and some simplification has been performed, the solution of the above can be written as
Similarly y 1 (ξ ,η) = a 2 hφ
Here f 1 (ξ ) and g 1 (η) are the unknown functions which can be determined in the upcoming order.
Coefficients of ε 7/2
The equations for v 3 take the following form:
where n andñ are given while f j andf j (j = 1, . . . , 8) are given in Appendix 1.
Let us consider the generalization in the following form:
where x 2 (ξ ,η) and y 2 (ξ ,η) are the functions to be determined. A similar procedure at this order has been used for the solutions as mentioned in the previous Sect. 4.2.
Secular terms
The secular terms at this order read
After some simplification, the above equation is reduced to the following form:
where k 14 , k 15 and k 16 are given in Appendix 2. After integrating the above equation we obtain
From the above equation, we notice that the first term on the right-hand side of the above equation shows a secular behavior, which reveals that it becomes unbounded whenξ → ±∞ and the resulting solutions will no more be asymptotic. This term must vanish. Let
The solution of Eq. (44) reads
where k 17 and k 18 are given in Appendix 2.
The homogeneous solution in Eq. (46) has been ignored because in the higher-order approximation it is noticed that the homogeneous solution only produces a uniform phase shift in the wave motion, which reveals a simple phase shift as given above. Therefore, we ignored this term.
The results for Eqs. (37) and (39) have been completed.
Non-local terms
The non-local terms occur in the following form:
The above equation reduces to
wherẽ
From the above equations, it is noticed that the terms show a simple phase in contrast with the first-order phase shift distribution. However, only one termθ 1,0 or (φ 1,0 ) depends onξ or (η) asη → +∞ or (ξ → -∞) as given in Eqs. (51) and (54). Therefore, the functions θ 1 and ϕ 1 move into the argument of the independent variableξ andη of the given functions f and g. As a result, it will create distortion in the wave profile, and the wave will tilt back in the direction of propagation as plotted in Fig. 11 .
Local terms
The following are the local terms that appear at this order: lñrk l ∂x 2 ∂η + bck l lf 8 + lf 1 + 1 h lf 2 g + 1 h 2 lf 3 g 2 g + lf 4 g g 1 + g 1 g + lf 5 g 1 + lf 6 g 1 + lf 7 g + ack r lf 8 f = 0.
(56)
After some simplification and performing the integration, we get
where k 19 , k 20 and k 21 are given in Appendix B. Similarly
Here f 2 (ξ ) and g 2 (η) are the unknown functions which can easily be obtained in the next order. We finish our analysis here and the solutions of f 2 (ξ ) and g 2 (η) are not presented.
Summary of the results
The analytical series solutions obtained in the previous section are combined and described below. Page 10 of 18
The wave elevation at the free surface can be written using Eqs. (20) and (22), and we obtain
where x 1 (ξ ,η) and y 1 (ξ ,η) are given in Eqs. (37) and (39). The distortion profile can be evaluated via Eq. (59). The terms which are the products of f (ξ ) × g(η) must disappear. The distortion profile at the free surface can be obtained by taking g(η) = 0, we have ζ = εaf + ε 2 a 2 1 hφ
The maximum run-up at the time of collision at the free surface can be achieved by considering f = g = 1 in Eq. (59). We get
At the bottom of the channel the velocity distribution can be obtained from Eqs. (20) and (22) , and we have
The asymptotic solutions for the wave speeds can be obtained by means of Eqs. (25) and (45), then we have
The phase shifts at the time of collision process read
where (θ j , ϕ j ) (j = 1, 2) are mentioned in Eqs. (33), (35), (50), and (53), respectively.
Discussion
This section belongs to the graphical outcomes for all the leading parameters included in the present formulation. Computational software, Mathematica (10.3v), has been used to determine the solutions and graphical results. Particularly, we have computed the headon collision profile, phase shift distribution, maximum run-up amplitude, wave speed, and distortion profile during the interaction between the solitary waves. We have used the following values of the governing parameters for the graphical purpose: g = 9.8 m s -2 , ρ = 10 3 kg m -3 , h = 1 and T = 0.075 N m -1 . 3 show the variation of surface tension τ , the free parameter d, and the depth h for the head-on collision profile. We can see from Fig. 1 that the wave profile tends to diminish for higher values of surface tension parameter τ . In Fig. 2 , we noticed that the wave profile also tends to reduce due to the enhancement in the free parameter d. Furthermore, at d = 0, the present results turn into the classical Boussinesq equation. However, for d = -1/3 in Eqs. (3) and (4) we get another set of differential equations and the relevant fields u(x, t) represents the bottom and depth-mean velocities, respectively. From Fig. 3 , it is observed that the wave profile significantly rises for higher values of h. Figure 4 shows the comparison of the head-on collision profile as a special case of our In this figure, we noticed that the present results excellently matched with the previously published results. Figures 5 and 6 show the variation maximum run-up with wave amplitude for different values of free parameter d and the surface tension parameter h. It is noticed from Fig. 5 that the inclusion of the free parameter enhances the maximum run-up amplitude as compared with the classical Boussinesq equation, but as the value of the free parameter increases, the maximum run-up amplitudes tend to decline. Figure 6 shows that an enhancement in the surface tension parameter tends to produce a significant resistance for the maximum run-up amplitude, and as a result, it declines. rameter remarkably boosts the phase shift profile. Further, we can see that when the free parameter d = 0, the magnitude of the phase shift profile is small, whereas the inclusion of the free parameter enhances the phase shift profile. In Fig. 8 , a similar trend has been noticed against the surface tension parameter. In this figure, we can also see that in the absence of the surface tension parameter, τ = 0, the magnitude of the phase shift profile is small. In contrast, the inclusion of the surface tension parameter boosts the phase shift profile. Figures 9 and 10 are plotted for the wave speed profile to examine the inclusion of the surface tension parameter τ and free parameter d. It appears from Fig. 9 that an enhancement in the free parameter d enhances the wave speed in a significant manner. Furthermore, we can see that when the free parameter d = 0, the wave speed faces a significant resistance, whereas the presence of the free parameter enhances the wave speed. From Fig. 10 , it is observed that the wave speed uniformly increases due to the increment of the surface tension parameter and keeps increasing in the whole domain. Figure 11 is drawn to see the distortion profile during the collision process. It can be viewed from this figure that, before and after the collision between both solitary waves, the wave profile is symmetric, but after the collision process, a minor tilting occurs. As a result, the wave profile tilts backward in the direction of propagation. 
Conclusions
This article deals with the head-on collision between capillary-gravity solitary waves in shallow water. The bottom of the channel is considered to be flat. The impact of the surface tension is also taken into account. To examine the asymptotic behavior, we have employed the PLK scheme for the coupled nonlinear equations. The solutions up to the third approximation are presented in detail. In particular, we have presented an expression for the velocity at the bottom of the channel, phase shift profile, wave speed, and wave elevation. A comparison is also presented with previously published data to validate the current findings. The main findings are summarized below:
(i) It is noticed that the free parameter and the surface tension tend to decline the solitary-wave profile significantly. (ii) The maximum run-up amplitude is affected greatly due to the surface tension and free parameter. (iii) Phase shift becomes an increasing function due to the strong influence of the surface tension and free parameter. (iv) It is noticed that only minor tilting appears after the collision process; however, the wave profile remains symmetric before the collision process.
(v) A comparison shows that the present results perfectly matched with previously published findings. The present results provide an excellent benchmark for further study on Nwogu's Boussinesq model with multi-layer fluid. Furthermore, the present modeling has neglected the porosity effects, and this will be taken into account soon.
